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0. INTRODUCTION
Markov operators and Markov semigroups are intensively studied be-
cause they play a special role in applications. The book of Lasota and
 Mackey 7 is an excellent survey of many results on this subject. The main
problem of the theory of Markov operators is their asymptotic stability,
i.e., when there exists an invariant density f such that P n f f in L1 for
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every density f. This problem has been recently investigated for Markov
   operators with a nontrivial integral part 1, 2, 10, 16 . In particular in 16
was shown that if such an operator has a positive invariant density f and
has no other periodic points in the set of densities, then it is asymptotically
stable.
The purpose of this paper is to provide new sufficient conditions for
asymptotic stability of Markov semigroups and apply them to partial
 differential equations. In Section 1 we strengthen the results of 16 in the
case of continuous time Markov semigroups. Namely, we show that if a
partially integral Markov semigroup has only one invariant density f and
f 0 a.e., then it is asymptotically stable. The proof of this theorem is
 based on the results concerning properties of Harris operators 6 .
The question of asymptotic stability of positive semigroups can be
investigated also by means of methods of spectral analysis. Such results are
based on the assumption that there exists a strictly dominant real eigen-
value of the generator of the semigroup. Verification of this assumption
requires the analysis of the whole spectrum of the generator, which is
technically difficult. Using our result it is sufficient to check that the
semigroup has only one invariant density. Moreover, we do not need to
prove that the semigroup is eventually compact.
In Sections 2 and 3 we apply results concerning asymptotic stability of
Markov semigroups to transport equations. We investigate Markov semi-
groups generated by the equations
 u
 u Au Ku, 0.1Ž .
 t
where K is a Markov operator,  0, and A is a differential operator of
Ž .the first or second order. Equation 0.1 appears in such diverse areas as
Ž  .astrophysics fluctuations in the brightness of the Milky-Way 3 , popula-
   tion dynamics 4, 9 , the theory of jump processes 15, 17 , and multistate
 diffusion 8, 12 .
In order to apply our results we have to check that the semigroup
 Ž .4 Ž .P t generated by Eq. 0.1 is partially integral. In Section 2 wet 0
consider two such cases: when A is the infinitesimal generator of an
 Ž .4integral semigroup S t or when K is a partially integral operator.t 0
Ž .Equation 0.1 describes, in the first case, the process of diffusion with
 jumps 13, 14 and, in the second case, a randomly perturbed dynamical
 system 11 . In Section 3 we consider two other examples of random
movement: a jump process connected with an iterated function system and
a randomly controlled dynamical system. In these examples both the
 Ž .4 Žsemigroup S t and the operator K are singular have no integralt 0
.  Ž .4parts but the semigroup P t is partially integral.t 0
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1. STABILITY OF CONTINUOUS MARKOV SEMIGROUPS
Ž . Ž .Let X, ,  be a -finite measure space. Denote by DD X, , 
1 1Ž .the subset of L  L X, ,  which contains all densities, i.e.,
1  D f L : f 0, f  1 , 4
  1 1 1where  stands for the norm in L . A linear mapping P: L  L is
Ž .called a Marko operator if P D 	D.
Let P be a given Markov operator. A density f is called inariant if
Pf f. The operator P is called asymptotically stable if there is an
invariant density f such that
 n lim P f
 f  0 for fD. 1.1Ž .
n
Let f be a density with f 0 a.e. Define the set C by

nC x X : P f x   . 1.2Ž . Ž .Ý½ 5
n0
This definition is independent of the choice of f. The Markov operator P
is called conseratie if C X. From this definition it follows immediately
that if P has an invariant density f 0 a.e., then P is conservative.
An operator Q: L1 L1 is called a kernel operator if it is of the form
Qf x  q x , y f y  dy , 1.3Ž . Ž . Ž . Ž . Ž .H
where q, also called a kernel, is a measurable non-negative function. Any
Markov operator P can be written in the form PQ R, where R is a
non-negative contraction on L1, Q is a kernel operator, and there is no
kernel K with K R and K 0. Fix a Markov operator P and let
P n Q  R be the decomposition of P n into kernel and singular parts.n n
The operator P is called a pre-Harris operator if

q x , y  dy  0 x
 a.e., 1.4Ž . Ž . Ž .ÝH n
X n1
where q is the kernel corresponding to Q . It is convenient to formulaten n
Ž . 1condition 1.4 in a different way. For any f L the support of f is
defined up to a set of measure zero by the formula
supp f x X : f x  0 . 4Ž .
Let U be a linear, continuous, and positive operator on the space L1. It is
easy to check that if supp f  supp f then supp Uf  supp Uf . This1 2 1 2
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allows us to define the operator U:   by UA supp Uf if supp f A,
f 0, and f L1. This definition is independent of the choice of the
function f assuming that sets equal a.e. represent the same element.
Ž .Condition 1.4 takes the following form:
Q X X . 1.5Ž . n
n
Ž .If P is a pre-Harris operator, P is conservative, and  X  1, then P is
Ž .called a Harris operator. If instead of 1.4 the operator P satisfies the
condition

q x , y  dy  dx  0, 1.6Ž . Ž . Ž . Ž .ÝHH n
X X n1
then the operator P is called partially integral. According to 6, Chap. V,
Lemma B if P is a Markov operator and Q is an integral operator then
the operators PQ and QP are integral operators. From this it follows
immediately that
P nQ Q and Q P m Q . 1.7Ž .m nm n nm
 Ž .4 1A semigroup P t of linear operators on L is said to be a Markot 0
Ž .semigroup if P t is a Markov operator for every t 0 and if for every
1 Ž .f L the function t P t f is continuous. A density f is called
 Ž .4 Ž .invariant under the semigroup P t if P t f f for every t 0.t 0
 Ž .4The semigroup P t is called asymptotically stable if there is ant 0
invariant density f such that
 lim P t f
 f  0 for fD.Ž .
t
 Ž .4It is easy to show that a semigroup P t is asymptotically stable if fort 0
Ž .some t  0 the operator P t is asymptotically stable.0 0
 Ž .4A semigroup P t is called partially integral if for some t  0, thet 0 0
Ž . Ž . Ž . Ž .operator P t is partially integral. Let P nt Q nt  R nt be the0 0 0 0
Ž . Ž .decomposition of P nt into kernel and singular parts and let q t be0 n 0
Ž .the kernel corresponding to Q nt .0
The main results of this section are the following
Ž .  Ž .4THEOREM 1. Let X, ,  be a -finite measure space and let P t t 0
 Ž .4be a partially integral Marko semigroup. Assume that the semigroup P t t 0
has an inariant density f. Suppose that there does not exist a set E 
Ž . Ž . Ž .such that  E  0,  X  E  0, and P t E E for all t 0. Then the
 Ž .4semigroup P t is asymptotically stable.t 0
PICHOR AND RUDNICKI´672
Ž .  Ž .4THEOREM 2. Let X, ,  be a -finite measure space and let P t t 0
 Ž .4be a partially integral Marko semigroup. Assume that the semigroup P t t 0
has the only one inariant density f. If f 0 a.e. then the semigroup
 Ž .4P t is asymptotically stable.t 0
 Ž .4Remark 1. The assumption in Theorem 1 that the semigroup P t t 0
has an invariant density can be replaced by a weaker one that the
semigroup has a non-zero invariant function f L1. Indeed, we can
  Ž . Ž .assume that f  0. Since P t is a Markov operator and P t f f ,
Ž .     we have P t f  f . Hence the function f f  f is an invariant
density.
Theorem 2 is a simple consequence of Theorem 1. Indeed, if f is the
only one invariant density then there is no non-trivial set E such that
Ž .  P t E E. Otherwise the function g f1  f1 is another invariantE E
 Ž .4density under the semigroup P t . We precede the proof of Theoremt 0
1 by the following lemma.
Ž .LEMMA 1. Let X, ,  be a -finite measure space. Assume that
 Ž .4P t is a partially integral Marko semigroup. Suppose that for eeryt 0
Ž . Ž .t 0 the operator P t is conseratie and P t X X. Then for eery t 0
Ž .the operator P t is a pre-Harris operator or there exists a set E  such that
Ž . Ž . Ž . E  0,  X  E  0 and P t E E for all t 0.
Proof. First we check that
Q t X	Q t X for t  t . 1.8Ž . Ž . Ž .1 2 1 2
Ž .From 1.7 it follows that for every s 0 and t 0 we have
Q s P t X	Q s t X and P s Q t X	Q s t X . 1.9Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .Since P t X X, we have Q s P t XQ s X, for s, t 0. This and
Ž . Ž . Ž .1.9 imply that Q s X	Q s t X for all s 0 and t 0, which proves
Ž . Ž .1.8 . From 1.8 it follows that
Q nt X Q nt X for 0 t , 0 t . 1.10Ž . Ž . Ž . 1 2 1 2
n n
Ž . Ž .Fix t 0 and define E Q nt X. According to 1.10 the defini-n
tion of the set E is independent of the choice of the number t. Since the
 Ž .4 Ž .semigroup P t is partially integral,  E  0. If E X thent 0
Ž . Q nt X X for all t 0 and consequently for every t 0 then
Ž . Ž .operator P t is a pre-Harris operator. Now, suppose that  X  E  0.
Ž .From 1.9 we obtain
P t Q ns X	Q ns t X	Q n t s XŽ . Ž . Ž . Ž .Ž .
for t 0, s 0, n
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and consequently
P t E	 E for all t 0. 1.11Ž . Ž .
Ž .Suppose that there exists a set E 	 E with  E  0 such that0 0
P s E E  E for some s 0. 1.12Ž . Ž .0
Then for all f L1 we have
P s f d P s f dŽ . Ž .H H
XE E0
 P s f 1  P s f 1 dŽ . Ž . Ž .Ž .Ž .H X  E E
Ž .X EE0
 P s f 1 d f d .Ž . Ž .H HX  E
X XE
Using induction argument we obtain
n
P ns f d P ks f d f dŽ . Ž .ÝH H H
XE E XE0k1
1 Ž .for f L . Since the operator P s is conservative, the sum on the left
hand side is infinite and consequently H f d , which is impossible.X  E
Ž . Ž .Thus condition 1.12 does not hold and P t E E for all t 0.
Ž .Remark 2. If we assume that X, ,  is a finite measure space and
 Ž .4 Ž .P t is a partially integral Markov semigroup such that P t 1  1t 0 X X
Ž . Ž .for all t 0, then from condition 1.11 follows easily that P t 1  1 forE E
all t 0, where 1 denotes the characteristic function of the set E. In thisE
Ž .case we have the following alternative: the operator P t is a pre-Harris
Ž .operator for every t 0 or there exists a set E  such that  E  0,
Ž . Ž . X  E  0, and P t 1  1 for all t 0.E E
Proof of Theorem 1. Let us observe that supp f X. This follows
Ž .immediately from the fact that P supp f  supp f. Define a new
Ž .measure space X, ,  with d f d and consider the operators
P t f 1f P t f  f , t 0. 1.13Ž . Ž . Ž . Ž . Ž .
 Ž .4Then P t is also a partially integral Markov semigroup on the spacet 0
1Ž .  Ž .4L X, ,  . It is easy to observe that the semigroup P t is asymptot-t 0
 Ž .4ically stable if and only if the semigroup P t is asymptotically stable.t 0
 Ž .4Thus it is sufficient to show that the semigroup P t is asymptoticallyt 0
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Ž .stable. From definition of the measure  it follows that  X  1. From
Ž . Ž . Ž .1.13 we have P t 1  1 , t 0 and consequently the operator P t ,X X
Ž .t 0 is conservative and P t X X, t 0. According to Lemma 1 the
Ž .operator P t is a Harris operator for every t 0. Fix t  0 and denote0
Ž .  Ž .4P P t . It is easy to check that the semigroup P t is asymptoti-0 t 0
n 1Ž .cally stable if and only if P f Hf d for f L X, ,  . In order to
check asymptotic stability of the operator P we use some properties of
 Harris operators 6 . Denote
  A  : P n1  1 , for n 1, 2, . . . . 1.14Ž . 4d A Bn
 4Then  is an atomic -algebra. We claim that   X, . In order tod d
show this fact we introduce an auxiliary function
	 t   P t A for t 0, A . 1.15Ž . Ž . Ž .Ž .A
Ž .Let 0 s t. Since the operator P t
 s is a Markov operator and
Ž .P t 1  1 , we haveA P Ž t . A
	 s  1 d P t
 s 1 d  P t A  	 t .Ž . Ž . Ž . Ž .Ž .H HA P Ž s. A P Ž s. A A
X X
1.16Ž .
Ž .This implies that 	 t is a non-decreasing function of t. Let A  andA d
n Ž . Ž .P 1  1 . Since P is a Markov operator we have  B   A andA B nn
Ž . Ž . Ž . Ž .	 nt  	 0 for n 0. Consequently 	 t  	 0 for t 0 and AA 0 A A A
 . Sinced
1 d P t 1 d 1 d 1 dŽ .H H H HA A P Ž t . A A
Ž . Ž .we have P t 1  1 for t 0 and A  . This implies that P t AA P Ž t . A d
  for t 0 and A  .d d
Now let E  be an atom and let 
 0 be such a number thatd
 P s 1 
 1   E 1.17Ž . Ž . Ž .E E
Ž . Ž . Ž .for s 
 . From P t 1  1 and 1.17 it follows that P s E E.E P Ž t .E
Ž . Ž .Since P s E  and E is an atom, we have P s E E for s 
 .d
Ž .Consequently P t E E for t 0 and E  . This implies that  d d
 4  Ž .X, . Since  is a trivial -algebra, from 6, formula 8.7 it followsd
n 1Ž .that P f Hf d for f L X, ,  which completes the proof.
Remark 3. The assumption in Theorems 1 and 2 that the semigroup
 Ž .4 1P t is a partially integral is essential. Let X S be a unit circle ont 0
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Ž .the complex plain with centre z  0, let B X be the -algebra of0
Borel subsets of X, and let  be the arc-Lebesgue measure on X. Then
 Ž .4 Ž . Ž . Ž i t.the Markov semigroup P t given by P t f z  f ze has only onet 0
invariant density, but it is not asymptotically stable.
2. TRANSPORT EQUATIONS
Now we give some examples of partial differential equations which
generate Markov semigroups. We also give some applications of Theorem
d Ž .1 to these equations. In this section X , B X is the -algebra
of Borel subsets of X and  is the Lebesgue measure on X. We write
d dx.
2.1. FokkerPlanck Equation
In the space X the FokkerPlanck equation has the form
d 2 du   x u  a x uŽ . Ž .Ž .Ž .i j i 
 , u x , 0  x . 2.1Ž . Ž . Ž .Ý Ý
 t  x  x  xi j ii , j1 i1
We assume that the functions  and a are bounded and sufficientlyi j i
smooth. We also assume that
d
2  x     Ž .Ý i j i j
i , j1
for some  0 and every  d and x X. The solution of this
equation describes the distribution of a diffusion process. This equation
Ž . Ž . Ž . Ž .generates a Markov semigroup given by P t  x  u x, t , where  x 
Ž .u x, 0 . The Markov semigroup generated by the FokkerPlanck equation
is an integral semigroup. That is,
P t f x  q t , x , y f y dy , t 0.Ž . Ž . Ž . Ž .H
X
Ž .Since the kernel q is positive we have P t E X for t 0 and every
measurable set E with positive Lebesgue measure. This implies that
 Ž .4E X is the only invariant set with respect to the semigroup P t .t 0
Thus this semigroup is asymptotically stable if and only if it has an
Žinvariant density f i.e., Af 0, where A is the infinitesimal generator
 Ž .4 .of the semigroup P t .t 0
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2.2. Liouille Equation
Ž .If we assume that   0 in Eq. 2.1 , then we obtain the Liouillei j
equation
du 

 a x u . 2.2Ž . Ž .Ž .Ý i t  xii1
Ž .As in the previous example, Eq. 2.2 generates a Markov semigroup given
Ž . Ž . Ž . Ž . Ž .  Ž .4by P t  x  u x, t , where  x  u x, 0 . The semigroup P t cant 0
be given explicitly. Namely, for each x X denote by  x the solutiont
Ž .x t of the equation
x t  a x t 2.3Ž . Ž . Ž .Ž .
Ž .with the initial condition x 0  x. Then
d
1P t f x  f  x det  x for f L X . 2.4Ž . Ž . Ž . Ž . Ž .
t 
tdx
Ž .Equation 2.2 has the following interpretation. In the space X we con-
Ž .sider the movement of points given by Eq. 2.3 . We look at this movement
statistically; that is, we consider the evolution of densities of the distribu-
Ž .tion of points. Then this evolution is described by Eq. 2.2 . The semigroup
Ž .generated by Eq. 2.2 is not partially integral and not asymptotically stable
but, as we show in next examples, stochastic perturbations of this semi-
group can lead to asymptotically stable semigroups.
2.3. Transport Equations
u  Ž .4If the equation  Au generates a Markov semigroup S t , K is at 0 t
Markov operator, and  0, then the equation
u
 Au
 u Ku 2.5Ž .
 t
also generates a Markov semigroup.
Ž .Let Af Af
  f Kf. Then Eq. 2.5 can be rewritten as the evolu-
tion equation
u t  Au , 2.6Ž . Ž .
 . 1Ž .where the solution u is a function from 0, to L X and u satisfies the
Ž . 1Ž .initial condition u 0  f , f L X . From the Phillips perturbation theo-
  Ž .rem 5 , Eq. 2.6 generates a continuous semigroup of Markov operators
 Ž .4 1Ž .P t on L X given byt 0


 t nP t f u t  e  S t f , 2.7Ž . Ž . Ž . Ž .Ý n
n0
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Ž . Ž .where S t  S t and0
t
S t f S t
 s KS s f ds, n 0. 2.8Ž . Ž . Ž . Ž .Hn1 n
0
 Ž .4The semigroup P t satisfies the integral equationt 0
t
 t 
 sP t f e S t f  e S s KP t
 s f ds. 2.9Ž . Ž . Ž . Ž . Ž .H
0
 Ž .4If the semigroup S t is partially integral or the operator K ist 0
Ž .  Ž .4partially integral then from 2.9 it follows that the semigroup P t ist 0
Ž .  Ž .4partially integral. From 2.9 and continuity of the semigroups S t t 0
 Ž .4 Ž .and P t it follows that for a measurable set E we have P t E	 Et 0
Ž .for all t 0 if and only if KE	 E and S t E	 E for all t 0.
Ž .  Ž .4In particular, if A is the operator from Eq. 2.1 then P t ist 0
Žasymptotically stable if and only if it has an invariant density f i.e.,
.Af 0 .
Ž .In many applications A is the operator from Eq. 2.2 and the Markov
Ž .operator K corresponds to some transition probability function P x, E ;
Ž . Ž .i.e., K*1 x P x, E for x X and E , where K* denotes theE
 adjoint operator of K. We recall that P: X  0, 1 is a transition
Ž . Ž .probability function if for each x X the function m E P x, E is a
Ž . Ž .probabilistic measure and for each E  the function f x P x, E is
Ž .-measurable. In this case Eq. 2.5 has an interesting probabilistic inter-
pretation. Consider a collection of particles moving under the action of the
Ž .equation x a x . This motion is modified in the following way. In every
  Ž . Ž .time interval t, t  t a particle with the probability P x, E  t o  t
changes its position from x to a point from the set E. Then any solution of
Ž .2.5 is the probability density function of the position of the particle at
time t. Note that if the operator K is given by transition probability
Ž .function P then KE	 E iff P x, E  1 for a.e. x E. In the next
section we consider two examples of random movement of this type. In
 Ž .4these examples both the semigroup S t and the operator K aret 0
Ž .  Ž .4singular have no integral parts but the semigroup P t is partiallyt 0
integral. Moreover we give sufficient conditions for asymptotic stability of
these semigroups.
3. FURTHER APPLICATIONS
d Ž .In this section X is an open subset of  , B X is the -algebra of
Borel subsets of X, and  is the Lebesgue measure on X.
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3.1. Jump Process
Now we consider a jump process connected with an iterated function
system. Let T : X X, for i 1, . . . , k, be a sequence of continuouslyi
 differentiable transformations. Let p : X 0, 1 , i 1, . . . , k, be a se-i
k Ž .quence of continuous functions such that Ý p x  1 for each x X.i1 i
As before we consider particles which move along the solutions of the
Ž .  equation x a x . At any time interval t, t  t a particle with the
Ž . Ž . Ž .probability p x  t o  t jumps from the point x to T x . Assume thati i
	Ž .det T x  0 for almost every x. Then the transformations T are non-i i
Ž . Ž 
1Ž .. 1Ž .singular; that is, if  E  0 then  T E  0. Let K : L X i Ti1Ž .L X be the FrobeniusPerron operator corresponding to the transforma-
tion T , i.e., the operator satisfying the conditioni
K f x dx f x dxŽ . Ž .H HTi 
1Ž .E T Ei
1Ž Ž . . Ž .for every measurable set E and f L X, B X ,  . Then Eq. 2.5 with
the operator K given by the formula
k
Kf x  K f x p x 3.1Ž . Ž . Ž . Ž .Ž .Ý T ii
i1
describes the evolution of the densities of the distribution of the above
jump process.
Ž . Ž .Assume that  X 	 X for all t 0. Then Eq. 2.2 generates at
 Ž .4 1Ž Ž . .semigroup S t of Markov operators on the space L X, B X ,  ,t 0
given by
d
S t f x  1  x f  x det  x , 3.2Ž . Ž . Ž . Ž . Ž .X 
t 
t 
tdx
Ž .where  x denote the solution x t of the equationt
x t  a x tŽ . Ž .Ž .
Ž .  Ž .4with the initial condition x 0  x. Let P t be the semigroup gener-t 0
Ž . Ž .ated by Eq. 2.5 and let E be a measurable set. We have P t E	 E for
Ž . Ž .all t 0 if and only if T E 	 E for all i 1, . . . , k and  E 	 E for alli t
t 0.
 Ž .4PROPOSITION 1. Assume that the semigroup P t has a non-zerot 0
Ž .inariant function and has no non-triial inariant sets. Let i , . . . , i be a1 d
 4gien sequence of integers from the set 1, . . . , k . Let x  X be a gien point0
Ž .and let x  T x for j 1, . . . , d. Setj i j
1j
  T 	 x  T 	 x a x 
 a xŽ . Ž . Ž . Ž .j i d
1 i j
1 j
1 dd j
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Ž .for j 1, . . . , d. Assume that p x  0 for all j 1, . . . , d and supposei j
1j
that the ectors  , . . . ,  are linearly independent. Then the semigroup1 d
 Ž .4P t is asymptotically stable.t 0
Proof. According to Theorem 1 and Remark 1, it is sufficient to prove
 Ž .4that the semigroup P t is partially integral. We check that for somet 0
Ž .t 0, the operator P t is partially integral. Precisely, we show that there
exist t 0,  0, and neighbourhoods U of x and V of x such that the0 d
Ž . Ž . Ž . Ž .operator P t is partially integral with the kernel k x, y  1 x 1 y .V U
 Ž . 4Let y X and t 0. Let     , . . . ,  :   0,     t .t 1 d i 1 d
Define a function 	 on the set  byy, t t
	    T   T  T  y .Ž . Ž .y , t t
 
 
 
 i  i  i 1 2 d d d 2 2 1 1
Let M be the matrix with columns  , . . . ,  . It is easy to check that1 d
d	 Ž .y , t
lim lim M . 3.3Ž .
dyx t00
Since det M 0, we have
d	 Ž .y , t
det  0 3.4Ž .
d
Ž .for y sufficiently close to x and t sufficiently small. Let S t be given by0 d
Ž . Ž . Ž . 
 t d Ž .2.8 . Then from 2.7 it follows that P t f e  S t f for f 0. Letd
Ž .K t,  be the operator given by
K t ,   S t
  
  
 
 KS   KS Ž . Ž . Ž . Ž .1 2 d d 1
Ž . Ž .and let K* t,  be the adjoint operator of K t,  . Then for every
measurable set E we have
P t f x dx e
 td K t ,  f y dy dŽ . Ž . Ž . Ž .H H H
E  Et
 e
 td f y K* t ,  1 y dy d . 3.5Ž . Ž . Ž . Ž .H H E
 Xt
We have
K* t ,   S*  K*  S*  K*S* t
  
  
 
 ,Ž . Ž . Ž . Ž .1 d 1 2 d
Ž . Ž .where S*  and K* are the adjoint operators of S  and K. Since
Ž . Ž . Ž . Ž . k Ž . Ž Ž .. Ž .S*  f y  f  y , K*f y Ý p y f T y , and p x  0, there i1 i i i j
1j
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exists a constant c  0 such that1
K* t ,  1 y  c 1 	  3.6Ž . Ž . Ž . Ž .Ž .E 1 E y , t
Ž . Ž .for y sufficiently close to x and t sufficiently small. From 3.5 and 3.6 it0
follows that there exist a constant c and a neighbourhood U of x such2 0
that
P t f x dx c f y 1 	  d dy. 3.7Ž . Ž . Ž . Ž . Ž .Ž .H H H2 E y , t
E U  t
Ž . Ž . Ž .Substituting x 	  to 3.7 and using 3.4 we obtainy, t
P t f x dx  f y 1 x dx dy , 3.8Ž . Ž . Ž . Ž . Ž .H H H E
Ž .E U 	 y , t t
where  is a positive constant. Now decreasing t and the neighbourhood U
Ž .of x we find a neighbourhood V of x such that V	 	  for yU.0 d y, t t
Ž .This and 3.8 imply that
P t f x   1 x 1 y f y dy ,Ž . Ž . Ž . Ž . Ž .H V U
X
which completes the proof.
Now, consider the case when X is an open subset of  and we have only
one transformation T : X X. We assume that T is continuously differen-
Ž .tiable and T  x  0 for almost every x. Now K is the FrobeniusPerron
Ž .operator corresponding to the transformation T. Equation 2.5 takes the
form
u  auŽ .
 u
  Ku. 3.9Ž .
 t  x
Ž .  Ž .4  Ž .4Assume that  X 	 X for all t 0. Let S t and P t be thet t 0 t 0
Ž . Ž .semigroups generated by Eqs. 2.2 and 2.5 , respectively. In this case we
can state Proposition 1 in the following way.
 Ž .4COROLLARY 1. Assume that the semigroup P t has a non-zerot 0
Ž Ž ..inariant function and has no non-triial inariant sets. If a T x 
Ž . Ž .  Ž .4T  x a x for some x X, then the semigroup P t is asymptoticallyt 0
stable.
EXAMPLE 1. Consider the equation
u  u
x , t  x , t  u x , t  2u 2 x , t , x 0, t 0,Ž . Ž . Ž . Ž .
 t  x
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Ž . Ž . Ž .with the boundary and initial conditions: u 0, t  0 and u x, 0  f x .
Ž . Ž . Ž .This equation is of the form 3.9 with X 0, , a 1,  1, Kf x 
xŽ . Ž .  Ž .42 f 2 x , and T x  . We show that the Markov semigroup P t t 02
generated by this equation is asymptotically stable. First we check that X
 Ž .4is the only invariant set with respect to the semigroup P t . Indeed,t 0
Ž .assume that P t E	 E for some measurable set E and all t 0. Then
Ž . Ž . Ž . Ž . Ž . Ž .S t E	 E for all t 0 and T E 	 E. Since S t f x  f x
 t 1 x , t, .
Ž . Ž .we have E  , for some  0. Now the condition T E 	 E implies
that E X. Then the function f given by

n
2 xf x  a e ,Ž . Ý n
n0
where
n
2Ž .
a  1 and a  for n 1,0 n 2 n2
 1 2 
 1  2 
 1Ž . Ž . Ž .
Ž .is invariant. Since T  x  1, according to Corollary 1 the semigroup
 Ž .4P t is asymptotically stable.t 0
3.2. Randomly Controlled Dynamical System
Let Y be a continuous time Markov chain on the phase space t
 41, . . . , k , k 2, such that the transition probability from the state j to
Ž .the state i j in time interval  t equals p  t o  t . We assume thati j
p  0 for all i j. Let a be a d-dimensional vector function defined oni j
X . Let  be a d-dimensional random variable independent of Y .0 t
Consider the stochastic differential equation
d  a  , Y dt.Ž .t t t
Ž .The pair  , Y constitutes a Markov process on X . The process t t t
describes the movement of points under the action of k dynamical systems
Ž .x a x, i , i 1, . . . , k. The Markov chain Y decides which dynamicalt
systems acts at time t.
We assume that the random variable  has an absolutely continuous0
distribution. Then the random variable  has an absolutely continuoust
distribution for each t 0. Define the function u by the formula
 4Prob  , Y  E i  u x , i , t dx.Ž . Ž .Ž . Ht t
E
Ž .We assume that a , i are continuously differentiable and bounded func-j
tions for all i, j. Denote by A the differential operatorsi
d  a x , i fŽ .Ž .j
A f
 . 3.10Ž .Ýi  x jj1
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 Let p 
Ý p and denote by M the matrix p . We use thei i j i ji i j
Ž . Ž . Ž .notation u x, t  u x, i, t and u u , . . . , u is a vertical vector. Theni 1 k
the vector u satisfies the equation
 u
Mu Au, 3.11Ž .
 t
Ž .where Au A u , . . . , A u is also a vertical vector. Assume that for1 1 k k
iŽ .each 1 i k and for all t 0 we have  X 	 X. Then the operatort
 Ž .Ž .4A generates a semigroup S t i of Markov operators on the spacei t 0
1Ž Ž . .L X, B X ,  .
Ž .Let B X  be the -algebra of Borel subsets of X  and let m be
Ž . Ž  4. Ž .the product measure on B X  given by m B i   B for each
Ž .BB X and 1 i k. The operator A generates a continuous semi-
 Ž .4 1Ž Žgroup S t of Markov operators on the space L X , B Xt 0
. . , m given by the formula
S t f S t 1 f , . . . , S t k f ,Ž . Ž . Ž . Ž . Ž .Ž .1 k
Ž . Ž .where f x  f x, i for x X, 1 i k.i
 4Now, let  be a constant such that max 
p , . . . ,
p and11 k k

1 Ž .K  M I. Then Eq. 3.11 can be written in the form
u
 Au
 u Ku 3.12Ž .
 t
1Ž Ž . .and the matrix K is a Markov operator on L X , B X  , m . Let
 Ž .4  Ž .4S t and P t be the semigroups generated by the equationt 0 t 0
 u Ž . Au and Eq. 3.12 , respectively. t
A measurable set E	 X  is invariant with respect to the semigroup
 Ž .4P t if and only if E E   andt 0 0
 i E  E for t 0 and i 1, . . . , k . 3.13Ž . Ž .t 0 0
Ž .  4Let i , . . . , i be a sequence of integers from the set 1, . . . , k . For1 d1
x X and t 0 we define the function  on the set  byx, t t
  , . . . ,    i d1  i d  i2 i1 x .Ž . Ž .x , t 1 d t
 
 
 
   1 2 d d 2 1
 Ž .4PROPOSITION 2. Assume that the semigroup P t has a non-zerot 0
inariant function and has no non-triial inariant sets. Suppose that for some
x  X, t  0, and  0   we hae0 0 t0
0d Ž .x , t0 0det  0. 3.14Ž .
d
 Ž .4Then the semigroup P t is asymptotically stable.t 0
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Proof. The proof is similar to the proof of Proposition 1 and we only
sketch it. Since the elements of the matrix K are positive constants, there
exists a constant c such that
P t f x , i dx c f y , i 1   d dy 3.15Ž . Ž . Ž . Ž . Ž .Ž .H H Hd1 1 E y , t
E X  t
for every measurable set E and all t from some neighbourhood of t .0
Ž . Ž .From 3.14 and 3.15 we conclude that there exist  0 and neighbour-
Ž 0.hoods U of x and V of   such that0 x , t0 0
P t f x , i   1 x 1 y f y , i dy ,Ž . Ž . Ž . Ž . Ž .Hd1 V U 1
X
 Ž .4which proves that the semigroup P t is partially integral.t 0
Ž . Ž . Ž .Consider the case k d 1. Set  x  a x, j 
 a x, d 1 for jj
1, . . . , d and x X. If we assume that for some point x  X the vectors0
Ž . Ž . Ž . x , . . . ,  x are linearly independent then condition 3.14 holds for1 0 d 0
t sufficiently small. Indeed, denote by W the matrix with columns0
Ž . Ž . x , . . . ,  x . Then det W 0. Moreover, one can check that1 0 d 0
d Ž .x , t
lim lim W ,
dxx t00
Ž .which implies that there is a sufficiently small t such that condition 3.140
holds.
 4Now, assume that X is an open subset of  and  1, 2 . Consider the
dŽ . Ž Ž . Ž ..differential operators A f x 
 a x, j f x , j 1, 2 and assumej dx
jŽ .that  X 	 X for j 1, 2 and for all t 0. Moreover assume thatt
p  0 and p  0. Suppose that for some point x  X we have12 21 0
Ž . Ž .a x , 1  a x , 2 . Then there is a sufficiently small t such that condition0 0 0
Ž .  Ž .4 Ž .3.14 holds. If P t is the semigroup generated by Eq. 3.12 thent 0
according to Proposition 2 we have the following corollary.
 Ž .4COROLLARY 2. Assume that the semigroup P t has a non-zerot 0
inariant function and has no non-triial inariant sets. Moreoer suppose that
Ž . Ž .for some point x  X we hae a x , 1  a x , 2 . Then the semigroup0 0 0
 Ž .4P t is asymptotically stable.t 0
EXAMPLE 2. Consider the following system of equations:
u  a x , 1 uŽ .Ž .1 1
pu  pu 
 ,1 2 t  x
3.16Ž .
u  a x , 2 uŽ .Ž .2 2 pu 
 pu 
 .1 2 t  x
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Ž . Ž .Here p 0 and the functions a x, 1 and a x, 2 are continuously differ-
entiable and bounded. We assume that there are some constants c 0,
Ž . Ž .L 0 such that a x, 1  c, a x, 2 
c for all x and
1 1
 sign x   c for x  L, 3.17Ž . Ž .
a x , 1 a x , 2Ž . Ž .
   Ž .4 Ž .where sign x x x . Then the semigroup P t generated by 3.16 ist 0
Ž .asymptotically stable. Indeed, from 3.13 it follows immediately that the
 4set  1, 2 is the only invariant set with respect to the semigroup
 Ž .4P t . Lett 0
x 1 1
b x  exp 
p  ds .Ž . H½ 5a s, 1 a s, 2Ž . Ž .0
Ž .b xŽ . Ž .From 3.17 it follows that the function f x, i  is integrable. Ž .a x , i
Ž . Ž . Ž .Since f is also a stationary solution of 3.16 and a x, 1  0 a x, 2 ,
 Ž .4the semigroup P t is asymptotically stable.t 0
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